Abstract. In this work, a new finite element (FE) model calibration method of concrete dams based on strong-motion records and multivariate relevant vector machines (MRVM) is proposed. The modal features of a dam are extracted using second order blind identification (SOBI) based method at first. For some selected combinations of uncertain parameters of the FE model using the Latin hypercube design, the corresponding structural modal features are calculated using the finite element method (FEM). With these data, a procedure to calibrate the uncertain parameters of a dam's dynamic FE model is developed. By taking the uncertain parameters as inputs and the calculated structural modal features using FEM as outputs, the MRVM model is trained to record the complex relationship between them. Then, the genetic algorithm (GA) is adopted to solve the optimization problem corresponding to the dynamic FE model calibration problem, and the trained MRVM model, instead of FEM, is used to obtain the modal parameters of a dam for different feasible solutions during the optimization search process to improve the computational efficiency. Using the simulated seismic response records of a numerical example the accuracy, robustness and computation efficiency of the proposed dynamic FE model calibration method is verified. The analysis result using the strong-motion records of a realistic concrete dam indicates that the proposed dynamic FE model calibration method has good performance.
Introduction
For dams and other hydraulic structures located in high seismic intensity areas, it is good to use some numerical simulation method, such as dynamic finite element analysis (FEA), to solve the structural analysis problem under earthquake excitation. According to the dynamic FEA, the earthquake resistant capacity of a dam can be evaluated and some measures can be taken to reduce the possible losses caused by large earthquakes [1] . However, some differences may exist between the finite element (FE) model and a realistic structure because uncertainties in the material and boundary conditions are inevitable. Then, FE model calibration can be implemented using the measured vibration response of a structure to provide a more accurate numerical model for the dynamic FEA [2, 3] . The traditional FE model calibration method of a dam is generally based on prototype dynamic testing using some artificial excitation [4] , which not only is costly but also may cause damage to the structure. The strong-motion records, measured by some accelerographs installed on a dam during earthquakes provides us a possible way to perform dynamic FE model calibration of a dam cheaply and conveniently.
Recently, the research on dynamic FE model calibration of a structure has attracted much attention [5, 6] . For example, Zhang et al. [7] studied the structure system identification and the dynamic FE model updating method of a suspension bridge based on an ambient vibration test; Ntotsios et al. [8] used the optimization method to identify the modal parameters of two bridges in Greece, and then the FE model of the bridges was corrected; Proulx et al. [9] , Alves et al. [10] and Sevim et al. [11] studied the modal identification and the dynamic FE model updating problem of Emosson dam, Pacoima dam and Berke dam, respectively; Feng et al. [12] developed a dynamic elastic modulus back analysis method of concrete gravity dams, based on the simulated annealingsimplex shape algorithm. Because dams and other hydraulic structures are giant and complex structures, computational efficiency must be considered when dynamic FE model calibration is implemented. One possible way to improve computational efficiency is to use some machine learning methods in the process of model calibration. For example, Karimi et al. [13] used the artificial neural network (ANN) and Deng et al. [14] used the response surface model instead of the FEM to calculate the modal parameters of a structure during the optimizing search process. Response surfaces, ANN and some other traditional machine learning methods are based on the empirical risk minimization (ERM) [15] , which requires a large amount of training samples and may cause an over-fitting problem. Recently, the machine learning method known as relevant vector machines (RVM), which is in the Bayesian regression framework, attracted many attentions in machine learning arena [16] [17] [18] . In this work, the multivariate version of RVM model, i.e. multivariate relevant vector machines (MRVM) [19, 20] , is introduced to improve the computational efficiency of the dynamic model calibration process of a dam. The attraction of the MRVM is that it has good generalization performance while achieving sparsity in the representation with no parameters to set and without being limited to Mercer kernels [21] . Moreover, it is a multiple-output model, which can reduce the time for the training process.
In this paper, a dynamic FE model calibration method of concrete dams based on strong-motion records and MRVM is proposed. After review some basic principles of the dynamic FE model calibration of concrete dams, the MRVM model is brought into the process of FE model calibration to improve the calculation efficiency. Then, using a numerical and practical engineering as an example, the effectiveness of the proposed dynamic FE model calibration method of concrete dams in this paper is verified, and some conclusions are made based on the analysis results. Fig. 1 . The framework of dynamic FE model calibration of concrete dams using strong-motion records
Basic principles of traditional dynamic FE model calibration method
The dam-reservoir-foundation system under the excitation of earthquake is very complicated, which has much difference with other civil structures, such as bridges and tall buildings. The conceptual framework of the dynamic FE model calibration of concrete dams using strong-motion records is shown in Fig. 1 . This framework includes: (1) modal identification using strong-motion records, (2) dam-reservoir-foundation system simulation using FEM and (3) optimization process of uncertain design parameters. In this section, some basic principles of the three problems above will be discussed briefly.
Extract practical modal features using strong-motion records
Using strong-motion records to identify the modal parameters of concrete dams is indeed the operation modal analysis (OMA) [22] problem of structure. Recently, research on this problem has attracted much attention [23] [24] [25] . In this paper, the modal identification procedure based on SOBI, which shows high identification accuracy and computation efficiency, is adopted. Hereafter some basic principles of this method are provided.
The SOBI-based modal identification method starts from forming a vector ∈ ℝ × , which consists of the measured seismic response of channels ∈ ℝ × , and its time-lagged data is first constructed:
where, = , is the measured acceleration of channels, is the Hilbert transformation of . The Hilbert transformation is used to identify imaginary parts of modal shape vectors. If ≥ , then parameter = 1 and no time-lagged data are needed; otherwise, the time delay should satisfy 2 × > . The Hankel matrix ( ) ∈ ℝ × can then be defined as:
If ≥ , = 1, and then the Hankel matrix becomes the covariance function matrix
For a structure under white noise-like support excitation, the covariance function matrix of the measured acceleration is only related to the initial state and system parameters (modal parameters) of the structure, which is similar to that of the structural free vibration response and the impulse response.
By further deduction, the Hankel matrix ( ) can be expressed as:
where Σ( ) = exp{Λ }, = diag( , … , ), and , …, are the eigenvalues of the system matrix ;
Ф are the real parts and imaginary parts of complex mode shapes, respectively; = × is the output selection matrix of acceleration. Then, the joint approximate diagonalization (JAD) technique can be used to realize the approximate diagonalization of the Hankel matrix for small damping structures. For a group of Hankel matrices with different time-delays ( ), ( ), ..., ( ), the generalized diagonalization matrix can be obtained by implementing joint approximate diagonalization (JAD) on the matrices; the corresponding optimization problem is as follows:
The whitening matrix is obtained using the PCA method. After solving the optimization problem shown above, the generalized diagonalization matrix can be obtained. Then, the mixing matrix Θ , the separation matrix Θ and the modal response ( ) can be expressed as:
The submatrix Θ of Θ contains the real parts Ψ = Φ and the imaginary parts Ψ = Φ of the observed complex mode shape. Using the identified modal response ( ) and the modal identification method of the single-degree-of-freedom (SDOF) system, the natural frequencies , ( = 1, …, ), and damping ratios , ( = 1, …, ), can be obtained. Some details of the above modal identification method can be found in our previous work [26] .
In the above modal identification process, the system order is an important parameter. However, it's usually unknown previously. Moreover, practical earthquake excitation may have some dominant frequencies and may not be like white noise support excitation at all. In our following study, the stabilization diagram method is used to determine system order and remove spurious modes.
Dam-reservoir-foundation system simulation using FEM
In this work, the dam-reservoir-foundation system is assumed to be linear elastic. For this system, how to deal with the fluid-solid interaction between reservoir water and dam-foundation is an important problem. In a fluid-solid interaction problem [27] , the equations of motion can be expressed as:
where, ( ), ( ) and ( ) are the relative displacement, acceleration and pressure vectors; , are the mass and stiffness matrices of the system, respectively; is the mass density of water. The pressure vector ( ) can be calculated from:
The matrix and are only related to interpolation function and the mass density of water, and the expression of them can be found in referenced work [27] .
In the present case, the fluid is assumed to be incompressible and inviscid. Only infinitesimal displacements are considered during the fluid vibration, so that the Eulerian and material coordinates coincide.
Substitute Eq. (7) into Eq. (6), we can obtain that:
Or in an impact expression as follows:
This equation now allows the modes and frequencies of the solid structure immersed in the fluid to be obtained by conventional eigenvalue methods. In this work the Lanczos method [28] is adopted which has the advantage of high accuracy and low computation cost.
In order to simulate the dam-foundation interaction, usually, three types of foundation, i.e. massless foundation, massed foundation with the viscous boundary, and massed foundation with the infinite elements can be used. In this paper, since our main purpose is to discuss the model calibration method, the massless foundation is adopted, just for simplicity.
Solve the dynamic FE model calibration as an optimization problem
The structural dynamic FE model calibration process is essentially an optimization problem. The objective of the optimization problem is to minimize the deviation between the identified modal features of a realistic structure and that calculated by using FEM. In general, damping ratios are not taken into account because usually the identification accuracy of it is low and it is very difficult to be simulated in an appropriate way. The optimization problem can be expressed as a minimization problem to find optimal design parameter [29] :
where ∈ ℝ is the uncertain design parameters of the structural material, geometry or boundary conditions and should be within a certain range of ; and Φ are the identified, undamped natural frequencies and mode shapes of the structure, respectively; and Φ are the natural frequencies and mode shapes calculated using FEM, respectively; and are weighting coefficients; modal assurance criterion (MAC) is defined by:
Parameters and are the selected number of natural frequencies and modal shapes for the FE model calibration purpose. In theory, the more modes are used, the higher accuracy model calibration results can be obtained, but the more computational time needed. Moreover, it should be noted that not all modes of the structure can be excited and identified at the same time under earthquakes and some other ambient excitation. Therefore, the natural frequencies and mode shapes shown in Eq. (10) are those modes which can be identified.
To solve the optimization problem shown in Eq. (10), some optimization algorithms [30] , such as the simulated annealing (SA) algorithm, genetic algorithms (GA), ant colony algorithm and particle swarm optimization, etc., can be adopted to search for the optimal solution. The GA is adopted in this study for its wide application and good performance in some optimization problem of engineering structures.
In the process of optimization search, these optimization algorithms often require a large amount of iteration steps, and for each iteration step, multiple FEM calculations should be carried out. Because concrete dams are large and complex structures, the cost of optimizing searching often cannot be accepted. A solution to this problem is to set some combinations of uncertain design parameters of a structure and then to use the FEM to calculate the modal parameters; then, the relationship between the uncertain design parameters of the structure and the modal parameters is established by these data using some machine learning method. In this section, the MRVM model is introduced to improve the computational efficiency of the dynamic model calibration process of a dam.
The dynamic FE model calibration method based on MRVM

MRVM model and its training
In the MRVM model, training set consists of input vectors ∈ ℝ , and corresponding targets ∈ ℝ . For the dynamic FE model calibration problem, the input vector refers to uncertain design parameters and the targets refers to modal features calculated using FEM, i.e. , ( = 1, 2,…, ) and Φ , ( = 1, 2,…, ). There is a complex relationship between the input vector and the targets . In the feature space, the nonlinear relationship can be expressed by:
where the weight matrix
is the weight of the th component of the output vector ; is the number of training sample; ∈ ℝ is the Gaussian noise vector with zero mean and diagonal covariance matrix = diag( , , … , ); the basis function matrix ( ) ∈ ℝ is a vector of basis functions of the form:
in which (•) is the kernel function, which is not necessary to satisfy Merler's condition for the MRVM model. Some commonly used kernel functions are the polynomial kernel, radial kernel and sigmoid kernel. In this work, the radial kernel is adopted and the kernel parameters are optimized using GA and cross-validation method [31] .
To obtain the proper weight matrix , traditional machine learning methods try to minimize the errors between the actual target and the predicted value from ( ), which may result in over-fitting the problem. For the MRVM mode, this goal can be realized by solving the following optimization problem:
where (⋅) is the Gaussian distribution function. In order to avoid over-fitting the problem, a Gaussian distribution for the weights is assumed. Let matrix = diag( , , … , ) and each element be a hyperparameter that determines the relevance of the associated basis function and independently controls the (inverse) variance of each weight. The conditioned distribution function of the weights can then be expressed by:
where is an element of weight matrix ; is the weight for the th component of the output vector .
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A likelihood distribution of the weight matrix can be written as:
Exploiting the diagonal form of matrix , the likelihood can be written as a product of separate Gaussians of the weight vectors of each output dimension:
The design matrix Ψ = [ ( ), ( ), … , ( )] ; the vector contains all the measured samples of the th component of output vector :
The posterior on can be expressed as the product of separate Gaussians for the weight vectors of each output dimension:
where = Σ Ψ and Σ = ( Ψ Ψ + ) are the mean vector and covariance matrix of , respectively.
Exploiting the diagonal form of and once more, we marginalize the data likelihood over the weights:
where = + Ψ Φ . The negative log of an equation is written as a function of the hyperparameters in the following form:
The optimal hyperparameters and the noise parameters are then used to obtain the optimal weight matrix. Based on Thayananthan's derivation, the optimized parameters can be expressed as follows:
For new input vector * , the output can be predicted by: * = ( * ).
MRVM-based dynamic FE model calibration
Through the training process of the MRVM model, the interdependent relationship between uncertain design parameters and modal features calculated using FEM is constructed. Using the trained model, it is possible to make a prediction as accurately as possible for the unknown modal features. Then, during the optimizing search process, the trained MRVM can be adopted instead of the FEM calculation to obtain the modal parameters corresponding to each feasible solution . Hereafter, we integrated the MRVM model with dynamic FE model calibration of concrete dams and the flowchart of the procedure is shown in Fig. 2 . The basic steps are as follows: (1) According to the engineering analogy, field testing or laboratory testing, the possible range of all uncertainty design parameters of a structure are obtained; then, s calculation schemes ( , ,…, ) are designed by using Latin hypercube design [32] , and each type of calculation scheme represents a possible combination of all the uncertain design parameters.
(2) According to the calculation scheme designed, the structural modal parameters, i.e. , ( = 1, 2,…, ) and Φ , ( = 1, 2,…, ) are calculated using FEM.
(3) Using different combinations of structural uncertainty design parameters [ , …, ] as input and the modal parameters calculated by FEM as output, the MRVM model is trained by using the input-output samples. Take order natural frequencies as output, a MRVM model is trained. For order of modal shape vectors with observed coordinates, we train another MRVM models. Therefore, ( + 1) MRVM models should be trained in the total. Then, the non-linear relationship between the structural uncertainty design parameters and modal parameters of the structure is established by the ( + 1) MRVM models.
(4) The modal parameters , ( = 1, 2,…, ) and Φ , ( = 1, 2,…, ) of a realistic dam are identified based on the seismic response record using SOBI-based method. Within the range of structural uncertainty design parameters, i.e., , GA is used to search for the optimized structural uncertainty design parameters, which minimizes the objective Eq. (15) , and the obtained optimal solution is the calibrated value of the structural uncertainty design parameters. In the process of optimizing search, the trained MRVM models, instead of FEM, is used to obtain the structural modal parameters corresponding to different feasible solutions.
Case study
Numerical example
The maximum dam block of a concrete gravity dam is used as an example to verify the proposed FE model calibration method. The length of the dam block is 16 m. The FE model of dam block No. 19 is shown in Fig. 3 . The width of the dam block is 10 m. The locations of five seismographs, numbered from #1 to #5, with two measurement directions, i.e., river flow direction and vertical direction, are shown in Fig. 3(a) In this work, the MSC.Marc software is used to construct the 3D FE model of the dam. The FE model constitutes 12820 elements and 16995 nodes. Element type 7 (element type 7 is an eight-node, isoparametric, arbitrary hexahedral) is used for the dam body and foundation. Reservoir water is assumed to be inviscid and incompressible, and the added mass approach is used to simulate fluid-solid interaction. The massless spring model is adopted to simulate the foundation when calculating the vibration response of the structure. The El Centro earthquake wave (peak acceleration = 0.3188 m/s 2 ) is used as excitation and the earthquake response of the dam is obtained by adding together the seismic response calculated using the mode-superposition method (10 modes are used) and some noise. In this study, the signal-noiseratio ( ) of the simulated seismic response is equal to 50 db. SNR is defined as:
in which, * is the variance of real signal; is the variance of noise. The El Centro earthquake wave and the simulated seismic response record (sampling frequency = 50 Hz) of the dam at measurement point #1 (in the river flow direction) are shown in Fig. 4 . A comparison between the natural frequencies identified using the SOBI-based method, SSI-Data (data-driven stochastic subspace identification) [33] method and the modal parameters calculated using FEM is shown in Table 1 . The maximum relative error is 0.13 % and 0.08 % for SOBI-based method and SSI-Data method, respectively. It indicates that the SOBI-based method has higher modal identification accuracy. In this example, the dynamic elastic modulus of dam concrete and dam foundation rock materials are selected as uncertain design parameters. Assume that the real values of and are 31 GPa and 20 GPa, respectively, and that the possible ranges of the two uncertain parameters are set as [20, 35] GPa and [15, 25] GPa, respectively. Within the ranges of the two parameters, 100 calculation solutions are determined according to the Latin hypercube design, and then the FEM is used to extract the first 10 orders of natural frequency of the structure and the first modal shape vector. Then, using the 100 different combinations of and as input and the first 10 orders of natural frequencies and modal shapes calculated by FEM as outputs, 2 MRVM models (1 MRVM model for all the 10 orders of natural frequencies and 1 MRVM model for the first modal shape vector) are trained. Using the trained MRVM models the structural modal features corresponding to another 45 combinations of and , which are different with the training samples, are predicted. Some prediction results using MRVM and ANN (using the matlab function 'newrb.m') are shown in Fig. 5 . As shown in this figure, the MRVM model show better prediction result than the ANN model. For the MRVM model the maximum relative prediction error of the1st 10 orders of natural frequency and the 1st order modal shape vector are 0.36 % and 3.2 %, respectively.
GA is used to search for the optimal solution, and the trained MRVM instead of FEM, is used to obtain the natural frequencies of the dam corresponding to different feasible solutions (the value of dynamic modulus). The fitness change in the GA search process is shown in Fig. 6 . The optimized minimum fitness is -9.31e-5 and the corrected dynamic elastic modulus of concrete and rock are 20.020 GPa and 30.993 GPa, respectively. This figure shows that 600 iteration steps are needed to obtain the stable optimization solution. For each iteration step, the population size of GA is 200. For the traditional model updating method, the total number of FEM calculations is 120000 (600×200), while for the method proposed in this paper, only 100 FEM calculations are implemented. This will greatly improve the computational efficiency. Different numbers of natural frequencies and modal shape vectors are used and the corresponding FE model calibration accuracy is shown in Fig. 7 and Table 2 . Fig. 7 shows that when > 3 ( = 0), the difference between the dynamic elastic modulus value of concrete and rock materials after calibration compared to the true design value is small. Table 2 indicates that using more modal vectors can improve the accuracy, but the effect is not obvious. Even only 10 orders of natural frequency were used the accuracy of FE model calibration can meet the precision requirement in engineering. In order to evaluate the robustness of the proposed dynamic FE model calibration method, different identification error is simulated by adding some noise to the real value of modal parameters. As shown in Fig. 8 , with the decrease of , the relative error of calibrated dynamic elastic modulus increases. When < 70 dB, the maximum relative error is greater than 3.9 %. It means that the modal identification error should keep the greater than 70 dB, to obtain meaningful calibration results of dynamic modulus in this numerical example. Using the modal identification results shown in Table 1 , the is calculated using Eq. (24). For SOBI-based method, the = 76 db, which means that the modal identification accuracy is enough to obtain meaningful calibration results of dynamic modulus. Fig. 9 . The measurement channels and corresponding measurement directions of these seismographs are shown in Table 3 . In this study, the earthquake response measured by seismographs on dam block No. 19 at 3 different times is used to perform modal identification and dynamic FE model calibration. For each earthquake response record, the sample size is 16,000 and the sampling frequency is 100 Hz. The earthquake response record of channel 3 at three different times is shown in Fig. 10 . The constitutive model of the dam concrete material and foundation rock material is assumed to be elastic. The laboratory testing values of the dynamic elastic modulus of the dam body and dam foundation materials are 24 GPa and 20 GPa, respectively, and the Poisson ratios used are 0.167 and 0.2, respectively. Based on the laboratory testing result of the dynamic elastic modulus and by making reference to some similar engineering, the ranges of the dynamic elastic modulus of dam body and dam foundation rock materials are set as [20, 40] GPa and [10, 25] GPa, respectively. Then, 100 combinations of the two uncertain parameters are made based on the Latin hypercube design. Based on the experience obtained from the numerical verification example, the FEM software MSC. Marc is used to extract the first 10 orders of natural frequencies and the first order modal shape vector of the structure corresponding to the 100 different combinations of dynamic elastic modulus. Using the 100 combinations of the two uncertain parameters as input and the calculated modal parameters as output, the MRVM model is trained. During the optimizing search, the trained MRVM instead of FEM is adopted to reduce the computation time.
According to the earthquake response record of the dam at three different times, as shown in Fig. 10 , the modal parameters of the structure are identified using the SOBI-based method, and then the dynamic FE model of the structure is calibrated. For earthquake response record number I, the change of the optimal solution and fitness in the GA optimizing search process are shown in Fig. 11 Table 4 . This table shows that by using the earthquake response record at different times, the corrected values of the structural dynamic elastic modulus have some deviations, which may have been caused by modal identification error and the change of structure. The mean values of the dynamic elastic modulus and are 18.47 and 28.78 GPa, respectively, which are somewhat different compared to the design values (20 GPa and 24 GPa) of the two uncertain design parameters. Using the calibrated FE model, the earthquake response of the dam under the El Centro seismic wave is calculated. The comparison of acceleration responses of the dam crest at the position of the seismograph numbered SE1 is shown in Fig. 12 . The comparison of the maximum amplitudes of the first principle stress (tensile) during the earthquake is shown in Fig. 13 . In Fig. 13 , to facilitate the figure display, only part of the foundation is shown. For the uncorrected model and the corrected model, the magnification factors of acceleration in the river flow direction of the dam crest are 4.7 and 4.3, and the maximum amplitudes of the first principle stress are 1.7 MPa and 2.5 MPa, respectively. The difference between the calculation results of the earthquake response using the two models shows the necessity of structure dynamic FE model calibration. Professor Jie Yang provided some vibration monitoring data for the engineering example. Professor Dongjian Zheng provided a finite element model for the numerical example. Fei Tong made some calculation using FEM and interpreted the results. Shiyu Zheng did some work in the signal processing and article writing.
Conclusions
The analysis result of the numerical example and the engineering case shows that the proposed dam dynamic FE model calibration method of concrete dams based on strong-motion records and the MRVM model has good performance. Using the MRVM model, instead of FEM calculation, during the optimizing search process can improve the computational efficiency while keeping the accuracy very high. For some earthquake-prone areas, the strong-motion observation of dams is important, and many strong-motion observation systems of dams have been constructed. Therefore, this study, which is based on the earthquake response records of dams to identify structural modal parameters and then to calibrate the dynamic models of structures, has important significance.
